
 

8.4 Areas in Polar Coordinates and

planetary motion

consider an object moving a trajectory
c t where t is time
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we want to compute the area swept out

after a time t

To this end it is useful to switch to
polar coordinates where we have

Ect ret cos OCH sino CH

The curve cCt o Et et is then called
a parametric curve



We indroduce the notation
cCH RCH eCOCH i

where
e t cost sint

is just the parametrized curve that runs

along the unit circle Note that

e HI L sint cost
is also a unit vector but perpendicular
to ETH

det Ect e H I 2

explicitly
del f sit cos't f sin't 1

In order to compute the area Act it's

useful to first obtain a formula for A CH
To this end consider the triangle with
vertices o e Lt and EHth
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The area of such a triangle can be

expressed as i

area ACA Idet Ect ECtHr EAD
Then we compute
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Using
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and linearity of the determinant in its
column vectors we obtain O
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From this the total area can be obtained

by integration
aftp.zfrcti oltldt



or performing the substitution dokottidt
Olt
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Let us now use these results to

understand Kepler's 3 laws of planetary
motion 1609

Kl The planets move in ellipses
with the sun at one focus

K2 Equal areas are swept out by
the radius vector in equal times

K3 If a is the major axis of a
planet's elliptical orbit and T its period
then aYT2 is the same for all
planets



In our notation Kepler's second law is

equivalent to saying that ACH is constant

so K2 A 0

But
A f delCe E f detect c IdetGc
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Homework
So

K2 dette c 1 0

From this we can deduce the following
Proposition 8.2 Newton

Kepler's second law is true if and only if
there exists a farce that is central and
in this case each planetary path
Elt ret e CECH satisfies the equation

v G dette e constant K2

Proof
Newton introduced the farce F as the

product of accelarion and mass F m E't



Saying that the face is central just
means that it always points along eCt

Since Elt is in the direction of the force
that is equivalent to saying that e CH

always points along CTA
det Ect c t 0

Thus det Ect E CH constant

We are now in the position to derive Kepler's
first law from Newton's concept of
gravitational farce
Propositi Newton

If the gravitational force of the sun is

a central force that satisfies an inverse

square law then the path of any planet
in it will be an ellipsis having the sun

at one focus
Proof
By K2 we have r20 dette E 1 14



for some constant M The hypothesis of
an inverse square law can be written as

c CH HqEACH
for some constant H Using K2 this can

be written as

c LH H_EACHM

Notice that the left hand side of this
equation is

E f o_O I CH
use inverse function
derivative and
chain rule

so if we let
D E'o_O t

then the equation can be written as

D o IMIEG IMI coso sino

where we now view 0 as an independent
variable Integrating gives
DCol H s.in A.H cEo B



for two constants A and B

Reintroducing the dependence on t we have

E CH H.fi H A t.com tB

substituting this together with E rkos o.sino

into the equation
del Ce E M

we get
r Hypos E t B cosQ titty sin 0 Asin 01 14

which simplifies to

r f ftp.t Zcoso fyIsiuoJ 1

This can be rewritten as Homework

htt 1 C cos CECH D I

for some constants C and D By choosing
our polar axis apropriately which ray
corresponds to 0 0 we can let D 0

r f I t e cosof tff A G



This is the formula for an ellipsis
a

That Lex is the formula for an ellipsis
can be seen as follows
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with OE ca l We have

v2 x y2 C

za v 2
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or 4 a Gav r2 x t 4 Eax 14daL g a

subtracting CD by 2 and dividing by 4A
we get a r ex t da

r a EX da I a a Ex

r A Ex for A l cha

Using x r coso we have finally
It cos 0 A


